Given two graphs G and H, the rainbow number rb(G, H) for H with respect to G is defined as the minimum number k such that any k-edge-coloring of G contains a rainbow H, i.e., a copy of H, all of whose edges have different colors. Denote by kK 2 a matching of size k and T n the class of all plane triangulations of order n, respectively. In [S. Jendrol ′ , I. Schiermeyer and J. Tu, Rainbow numbers for matchings in plane triangulations, Discrete Math. 331(2014), 158-164], the authors determined the exact values of rb(T n , kK 2 ) for 2 ≤ k ≤ 4 and proved that 2n + 2k − 9 ≤ rb(T n , kK 2 ) ≤ 2n + 2k − 7 + 2 2k−2 3
Introduction
All graphs in this paper are undirected, finite and simple. We follow [3] for graph theoretical notation and terminology not defined here. Let G be a connected graph with vertex set V (G) and edge set E(G). For any two disjoint subsets X and Y of V (G), we use E G (X, Y ) to denote the set of edges of G that have one end in X and the other in Y . We also denote E G (X, X) = E G (X). Let e(G) denote the number of edges of G, e G (X, Y ) the number of edges of E G (X, Y ), e G (X) the number of edges of E G (X). If X = {x}, then we write for all k ≥ 5.
(2) rb(T n , 2K 2 ) = 4 n = 4; 2 n ≥ 5.
(3) rb(T n , 3K 2 ) = 8 n = 6; n + 1 n ≥ 7.
(4) rb(T n , 4K 2 ) = 2n − 1 for all n ≥ 8.
Recently, Jin and Ye [15] investigated the rainbow numbers of kK 2 in the maximal outerplanar graphs. In this paper, we improve the upper bounds and prove that rb(T n , kK 2 ) ≤ 2n + 6k − 16 for n ≥ 2k and k ≥ 5. Especially, we show that rb(T n , 5K 2 ) = 2n + 1 for n ≥ 11 by using the method of Jendrol ′ , Schiermeyer and Tu [10] . Theorem 1.2 For n ≥ 2k and k ≥ 5, rb(T n , kK 2 ) ≤ 2n + 6k − 16.
Theorem 1.3
For n ≥ 11, rb(T n , 5K 2 ) = 2n + 1.
The following theorem will be used in our proof. A graph G is called factor-critical if G − v contains a perfect matching for each v ∈ V (G). A graph is called hypoHamiltonian if for every vertex u, G − u is Hamiltonian. Theorem 1.4 ( [19] ) Given a graph G = (V, E) and |V | = n, let d be the size of a maximum matching of G. Then there exists a subset S with |S| ≤ d such that
where o(H) is the number of components in the graph H with an odd number of vertices. Moreover, each odd component of G − S is factor-critical.
Lemma 1.5 Let G be a planar triangulation on n ≥ 4 vertices. Then (a) ( [16, 10] ) for 5 ≤ n ≤ 7, G is hypoHamiltonian.
(b) G is 3-connected.
2 Proof of Theorem 1.2.
By induction on k. The statement is true for k ≤ 4 by Theorem 1.1. Now we assume k ≥ 5. Let T n be a plane triangulation on n vertices. By contradiction, let c be an edge-coloring of T n with 2n + 6k − 16 colors such that T n does not contain any rainbow kK 2 . Let G be a rainbow spanning subgraph of T n with 2n + 6k − 16 edges. Then G is kK 2 -free. Since 2n + 6k − 16 > 2n + 6(k − 1) − 16, G contains a (k − 1)K 2 by the induction hypothesis. Let u 1 w 1 , u 2 w 2 , . . . , u k−1 w k−1 be a (k − 1)K 2 of G, and let H be an induced subgraph by
is a bipartite planar graph with n vertices, which implies e G (V (H), R) ≤ 2n − 4. Thus, e(G) = e G (H) + e G (V (H), R) ≤ 6k − 12 + 2n − 4 = 2n + 6k − 16. Since e(G) = 2n + 6k − 16, we have e G (H) = 6k−12 and e G (V (H), R) = 2n−4. Hence, G[V (H)] is a plane triangulation with 2k − 2 vertices and G − E G (H) is a maximal bipartite planar graph with n vertices. Since u 1 w 1 ∈ E(G), there must exist a quadrangular face with vertices u 1 , r 1 , w 1 , r 2 in order in G − E G (H), where r 1 , r 2 ∈ R. But then the graph induced by the edges u 1 r 1 , w 1 r 2 , u 2 w 2 ,. . . , u k−1 w k−1 is a rainbow subgraph of T n isomorphic to kK 2 , a contradiction.
under an edge-coloring c used 2n + 1 colors. Let G ⊂ T n be a rainbow spanning subgraph with 2n + 1 edges. Then G has no a copy of 5K 2 . By Theorem 1.1, G has a copy of 4K 2 . By Theorem 1.4, there exists an S ⊆ V (G) with |S| = s ≤ 4, such that q = o(G −S) = n−8 + s. Let A 1 , . . . , A q be all the odd components of G − S. Assume |V (A i )| = a i for each i ∈ [q]and a 1 ≥ a 2 ≥ · · · ≥ a q . Let t = min{i : a i = 1} and V 0 = {v t , . . . , v q }, where
. Let B denote the set of vertices of all the even components of G − S. We first prove a useful claim.
Assume first s ∈ {0, 1}. Let G ′ be a copy of G with a 1 = (n − s) − q + 1 = 9 − 2s and a 2 = · · · = a q = 1. It is easy to check that e(G) ≤ e(G ′ ) ≤ 3(a 1 + s) − 6 + s(q − 1) = sn + (s 2 − 12s + 21) < 2n + 1 since n ≥ 11, a contradiction. Hence, s ∈ {2, 3, 4}.
Suppose s = 2. Then q = n − 6. Let S = {w 1 , w 2 }. We claim B = ∅. Suppose B = ∅. Then |B| ≤ n − q − s = 4 and so either |B| = 2 or |B| = 4. If |B| = 2, then a 1 = 3 and
-minor (with one part {v 2 , v 3 , v 4 } and the other part {w 1 , w 2 , V (A 1 )}), a contradiction. Thus a 1 = 3, and so a 2 = 3 and a i = 1 for each i ≥ 3. By Lemma 1.
, and e Tn (A i , V 0 ) ≥ 1 for all i ∈ [2] since otherwise T n contains a K 3,3 -minor (with one part {v 3 , v 4 , v 5 } and the other part {w 1 , w 2 , V (A 3−i )}). We claim that e G (S, A i ) ≥ 5 for each i ∈ [2] . Assume that e G (S, A 1 ) ≤ 4. We see e G (S, A 1 ) = 4, e G (S, A 2 ) = 6 and w 1 w 2 ∈ E(G) because
Suppose there exists two vertices, say v 3 , v 5 such that v 3 u 5 , v 5 u 5 ∈ E(T n ). Then T n contains a K 3,3 -minor (with one part {v 3 , v 5 , {u 4 , u 6 }} and the other part {w 1 , w 2 , u 5 }). Hence, we further assume v 3 u 5 , v 4 u 2 , v 5 u 6 ∈ E(T n ). We claim that c(v 3 u 5 ) = c(u 4 u 6 ). Suppose not, since e G (S, A 1 ) ≥ 4, we may assume
Then there exists one vertex in {w 2 , w 3 }, say w 2 , such that
Thus, T n contains a K 3,3 -minor (with one part {w 2 , {w 1 , w 3 }, V (A 1 ) ∪ {v 2 }} and the other part {v 3 
. . , v q }) = ∅ since otherwise T n contains a K 3,3 -minor (with one part {v 4 , v 5 , v 6 } and the other part {{w 1 , w 3 
is a rainbow 5K 2 , a contradiction. Hence, E Tn (V 0 ) = ∅ and so e Tn (v i , V (A 1 )) ≥ 1 for each i ≥ 4. If v j w 3 ∈ E(G) for some j ≥ 4, then T n contains a K 3,3 -minor (with one part {w 1 , w 2 , {w 3 , v j }} and the other part {v 2 , v 3 , V (A 1 )}) . Thus N G (v i ) = {w 1 , w 2 } for each i ≥ 4. But then T n contains a K 3,3 -minor (with one part {w 1 , w 2 , V (A 1 )} and the other part {v 4 , v 5 , v 6 }) because |V 0 | ≥ 5, a contradiction.
Finally, we assume s = 4. Let S = {w 1 , w 2 , w 3 , w 4 }. Then q = n − 4 and a i = 1 for
contains a 2K 2 for any 1 ≤ i < j ≤ 4, which implies T n has a rainbow 5K 2 . Since G[S] has four faces, there is at most one vertex in {v 4 , . . . , v q }, say v q , such that e Tn (v q , S) = 3. Thus . Assume e = v 3 w 4 . Then G − {v 1 , v 4 , v 3 , w 3 } has a 3K 2 = M 1 . This implies M 1 ∪ {v 1 v 4 , v 3 w 3 } is a rainbow 5K 2 , a contradiction. Assume e = v 3 w 4 . Then G − {v 1 , v 4 , v 3 , w 4 } − e has a 3K 2 when e = v 1 w i or e = v j w k for j ≥ 5 and some i, k ∈ [4] and G − {v 2 , v 5 , v 3 , w 4 } − e has a 3K 2 when e = v 2 w i or e = v j w k for 3 ≤ j ≤ 4 and some i, k ∈ [4] . This implies T n has a rainbow 5K 2 , a contradiction. Hence, e 1 = e 2 . Moreover, we may further assume each matching of size 2 in 
)\w i since otherwise T n has a rainbow 5K 2 , which implies either v i v 3 ∈ E(T n ) for some i ∈ {6, 7}. If c(v i v 3 ) = c(e) for some e ∈ G[S], then e 1 , e ∈ G[S] and so T n has a rainbow 5K 2 by using the above method. Hence, c(v i v 3 ) = c(e ′ ) for some e ′ / ∈ G[S]. But then e 2 , e ′ / ∈ G[S] and so T n has a rainbow 5K 2 , a contradiction. The proof is thus complete.
